Nonexistence of positive solutions for 2pth order integro-differential inequalities  by Agarwal, R.P. et al.
Pergamon 
Appl. Math. Lett. Vol. 10, No. 6, pp. 63369, 1997 
Copyright@1997 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0893-9659/97 $17.00 + 0.00 
PII: SO893-9659(97)00106-7 
Nonexistence of Positive Solutions 
for 2pth Order Integ ro-Differential Inequalities 
R. P. AGARWAL 
Department of Mathematics, National University of Singapore 
10 Kent Ridge Crescent, 0511, Republic of Singapore 
Fu-HSIANG WONG 
Department of Mathematics and Science, National Taipei Teacher’s College 
134, Ho Ping E. Road, Sec. 2, Taipei 10659, Taiwan, R.O.C. 
SHIUEH-LING Yu 
St. John & St. Mary’s Institute of Technology 
Tamsui, Taipei, Taiwan, R.O.C. 
(Received February 1997; accepted March 1997) 
Abstract-In this paper, we shall show that under suitable conditions on f and K, the inequalities 
-xzp + 
s 
cc 
eXSK(s) ds > 0, forallX>O, (p=O,1,2 ,...) 
0 
(I,) 
imply that the integro-differential inequalities 
(-1)2P+1y(2’)(t) + s,’ f(t - s, y(s)) ds 5 0, on [O,co), (p=O,1,2 ,..,) (B,) 
have no positive solutions, respectively. 
Keywords--Positive solution, Integro-differential inequality, Nonexistence. 
1. INTRODUCTION 
Taking into account hereditary effects in a mechanical system with zero external forces, zero 
kinetic energy, and one degree of freedom, Lagrange’s form for the equation of dynamics can be 
written as 
s 
t 
w”(t) + K(t - s)w(s) ds = 0, 
t-a 
where a > 0 is the duration of heredity and w(t) is the coordinate function (cf. [l, p. llS]). For 
this problem, it is interesting to know the nature of the kernel K which leads to the existence 
of positive solutions which tend to zero as t - co. Motivated by this problem, in this paper, 
we shall establish a criterion for the nonexistence of positive solutions of the following integro- 
differential inequalities: 
t 
(-q2P+Ly/(2”)(q + 
s 
f(t - s, Y(S)) ds 5 0, on [0, oo), (p = 0, 1,2,. . ). 0%) 
0 
assuming that the inequalities 
-.x2p + 
sa 
eXSK(s) ds > 0, forallX>O, (p=O,l,2 ,...) 
0 
hold, where f and K satisfy the following hypothesis. 
(b) 
Typeset by d&-T+ 
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HYPOTHESIS (H). f E C( [0, co) x (0, co); [0, oc)) such that f(t, y) # 0 on 1~ x (0, co) for some 
subinterval IT of [0, T], K E C([O, co); [O,oo)) is not identically zero on [0, T] and there is a 
positive constant yo such that _f(t, y)/y Z K(t) for (t, y) E [0, T) x (0, yo), where T > 0. 
This problem includes several interesting problems occurring in various branches of applied 
mathematics such as population dynamics, ecology, and mechanical systems. In fact, recently 
various particular cases of this problem have been discussed by many authors, e.g., Agarwal 
et al. [2], Burton [l], Gopalsamy [3-61, Gyori and Ladas [7], Ladas et al. [8,9], Lellouche [lo], 
Lewitan [ll], Philos and Sficas [12], and the references therein. Our main result here generalizes 
all the known results about this problem. We also remark that in [2], we have demonstrated that 
in (Ep) the function f cannot be superlinear. 
‘2. MAIN RESULTS 
To prove our main results, we need the following lemmas. 
LEMMA 2.1. 1121 Let u be a bounded positive n-times differentiable function on an interval [Q, co) 
satisfying 
(-l)%(qt) > 0, on [e,co). 
Then, 
(-l)%‘qt) 2 0, on [e,w), (i=O,l,2 ,..., n). 
LEMMA 2.2. 1121 Suppose that X > 0, lim t-+03 y(t) = 0, y(t) > 0, y’(t) 5 0, y”(t) 2 0, and 
y”(t) - X2y(t) 2 0 on [e, 00). Then, y’(t) + Xy(t) I 0 on [q, 00) C [e, co) for some q 2 0. 
LEMMA 2.3. Suppose that A > 0, limt_+ooy(t) = 0, y(t) > 0, and 
yQP)(t) - Yy(t) > 0, (p= 1,2,...) 
on [e, co). Then, y’(t) + Xy(t) I 0 on [q, co) g [e, co) for some n 2. B. 
PROOF. From Lemma 2.1 and the hypotheses on y(t), it follows that 
(-l)iy’i’@) > 0, on ]e,4 
and 
)ln&y(i)(t) = 0, 
for all i E (0, 1,2, . . . ,2P}. 
First, we claim that for each given p E {2,3, . . . }, 
u(t) = y(2p-‘) (t) - Fly(t) > 0, on [e*,04 c [44, 
for some 8* 2 0. It is clear that u(t) satisfies 
&-l)(t) + p-‘u(t) = yqt) - Py(t) 2 0, on kw 
and 
jiil u(i)(t) = 0, for all i E {0,1,2,. . .,2p-1}. 
Now in order to prove the desired result, we need to consider the following cases. 
CASE 1. Suppose that there exists a 8* 2 8 such that u(t) is nonpositive and is not identically 
zero on [0*, co). Then, it follows that u (2p-1)(t) 2 0 on [e*, 00). Further, since lim+, uci)(t) = 0 
for all i E {0,1,2,. . . ,2P-‘}, we find that 
(-l)%( 2p-1-9(t) 2 0, on [e*, 4, for all i E {0,1,2,. . .,2p-‘}. 
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Therefore, we have 
u(t) = (-1) 2”-‘U(2’-‘-2”-‘)(t) > o > on IQ*, co), 
which implies that u(t) E 0 on [8*, oo). This contradicts the fact that u(t) is not identically zero 
on [B*, oo). 
CASE 2. Suppose that there exists a B* 2 e such that u(t) is oscillatory and is not identically 
zero on [Q*, co). Since limt-+oo I = 0 for all i E (0, 1,2,. . ,2P-l}, we have 
x2’-’ O” s u(s) ds 2 ~(~“-*-‘)(t), for t 2 8*. t 
Let 
be such that 
and define 
e* 2 a2p-l_2 5 a2p-l_3 5 ... 5 a0 
u(j) (a,) = 0, for all j E (0, 1,2,. . ,2p-’ - 2} : 
z =: 
-t 
21 E p-l ([ a0,W); (-00, oo)) : v(t) L IL(~), for t 2 a0 2 e* > . 
which contains U. It is clear that u(t) satisfies 
Now, setting A : Z - Z as follows: 
A(w)(t) = X2”-’ ~~i:""...~,~_,,6,c(C)d(dsi...ds,,-~-,_ 
for t 2 ao. Then, from the definitions of A and Z, we find that the sequence 
v0(t) = u(t) and v,+i(t) = A(v,)(t), forn=0,1,2,... and t>ao>Q* 
is increasing. Therefore, there exists a function w(t) satisfying 
w(t) = hlW&) 2 vo(t) = u(t), for t 2 a0. 
Moreover, by Lebesgue’s dominated convergent theorem, we obtain 
v(t) =: p-’ I:I~‘-‘-‘...i::,_,6,~(i)d(ds~...ds2,,-1_I >u(t)> 
for t 2 a0 2 e*, i.e., v(t) is a solution of 
Jqt) + ~2”--‘w(t) = 0, for t > ao. 
A simple calculation shows that 
w(t) = {Cl + c2t t.. . + cpzt y-2-1 } sin(&) + {CT + czt + . . . + C~,,-2t2p~2~1} cos(Xt) 
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(ci and ct are some suitable constants) cannot converge to zero as t approaches infinity. This 
fact and v(t) 2 u(t) imply that u(t) cannot converge to zero as t approaches infinity, which gives 
a contradiction. 
By Cases 1 and 2, we see that for each given p E {2,3,. . . } 
U(t) = y@‘-‘)(t) - rfy(t) 2 0, on [e*, m) C [a, m), 
for some B* 2 13. Therefore, it follows from Lemma 2.2 that y’(t) + Xy(t) 5 0 on [n, 00) c 
[0*, 00) G [e, 00) for some 7j 2 8. 
THEOREM 2.4. Suppose that (IP) holds, then there is no solution of (Ep) for p = 0 (p 2 1) which 
is positive (bounded and positive) on [0, 00). 
PROOF. Assume to the contrary that there exists a solution y(t) of (Ep) which is positive 
(bounded and positive) on [O,oo). Then, it follows from Hypothesis (H) that there exists a 
small positive constant 17 E (O,T), such that 
x1 = 
s 
T 
K(s)& > 0 and 7 
V s 
T 
K(s) ds < 1. 
0 
Since y(t) is decreasing on [0, oo) and is bounded below by 0, 
$&y(t) = Y(W) 2 0. 
We claim that y(m) = 0. In fact, if y(oo) > 0, then 
0 < Y(W) I y(t) 5 Y(O), 
Let 
on [0, oo). 
= m(t) 
be not identically zero on [0, T]. Then, 
0 2 (-1)2P+1yq) + 
s 
ot f(s, y(t - s)) da 
> (-1) 2p+1y(2p)(t) + Jd’ f(s, y(t - s)) ds 
> (-1) 2p+1y(2p)(t) + Jd’ m(s) ds 
= (-1)2Pf1y(2p)(t) + M for T 2 0, 
where M = JOT m(s) ds > 0. Thus, we have 
(-l)2P+1y(2P)(t) 5 -M, on IT, m), 
and hence, 
lim (-1) 
t-boo 
2P+iyW-i) (t) = -03, for all i E {1,2,...,2p}. 
This contradiction proves that y(oo) = 0. Hence, there exists a tl > T such that 0 < y(t) < yo 
on [tl, co), which implies 
f(s, Y(Q) L K(S)Y(Q, for (s, t) E [0, T] x [tl, 00). (1) 
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Since y(t) is decreasing on [0, co), it follows that 
0 2 (-1)2P+ly(2P)(t) + 
s 
o1 f(s, Y(t - s)) CA.5 
> (-1)2p+ly(zp) t) + - ( ~TK(s)Y(t-s)ds 
J T > (-1)2p+1y(2p)(t) + y(t - 7/-) - K(s) ds ‘I 
(2) 
= (-1)2P+‘y(2P)(t) + Xly(t - 7) 
> (-1)2P+1y(2P)(t) + X1y(t), - for t > Tl = T + tl > 0. 
This implies that the set 
rp = {A 2 0 : (-1) 2p+1y(2p)(t) + X2Py(t) 5 0, on [TX, m), for some TX 2 Tl} 
contains (XI)~-” :> 0 and [0, A] C rP for all X E rP. Thus, from Lemma 2.3, we find that rP C r0 
for all p E (0, 1,2,. . . }. 
Now. we claim that 
Assume to the contrary that supr,, > A. Then, A E I’0 and there exists a T* 2 Tl + 7 such that 
y’(t) + Xly(t) I y’(t) + hy(t - v) i 0 and y’(t) + b(t) 5 0, on [T*,co). 
F’rom (2), we have 
y(t) 2 y (t + 5) + Xl lt+q’2 y(s - 77) ds 
> x1y t -; 
( )I 
t++ 
ds 
t 
= x+y (t - f) ) for t 2 T* + 77. 
This implies that 
X$Y (t - ;> < y(t) 
<exp(--hz)y(t--z) 
= xl;y (t - ;> , for t > T’ + 7, 
which gives a contradiction. Thus, 0 < A; = supr, < A; = supI? < 00, and there exists a 
T2 > Tl such that 
y’(t) + qY(t) I 0, on [Tz,~). 
Furthermore, it, follows from (1) that, for any t, s with t E [Tz, 00) and s E [0, t - T2], 
K(s)y(t) exp (Q) 5 K(s)y(t - s) 5 f(s, y(t - s)). 
This and (Ep) imply that for all t E [Tz, co), 
0 2 (-l_)2p+1y(2p’(t) + 
J 
ot f(s,y(t - s)) ds 
2 (-I.) 2P+ly(2’)(t) + I’-T2 f(s, y(t - s)) ds 
> (-].)2P+‘y(2P)(t) + Jdt-” K(s)y(t - s) ds - 
(3) 
(J t-T* > ( -11)2"+'y(2p) (t) + - K(s) exp 0;s) ds y(t), for t E [Tz, CCI) 0 
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Finally, we claim that 
s 
t-T, 
K(s) exp (Xgs) ds 5 (i~;)~“, for t > Tz. 
0 
(4) 
Suppose to the contrary, there exists a T3 > T2 such that 
K(s) exp (Xgs) ds 2 (A;)“’ . 
This and (3) imply that X6 E rP, which contradicts the definition of X;. This contradiction shows 
that (4) holds. Hence, 
- (A;)“” + Lrn K(s) exp (Ass) ds 5 0. 
But, this contradicts our assumption (IP). 
COROLLARY 2.5. Let cy E [0, l] and p = 0 (p 2 l), and the following hypothesis. 
HYPOTHESIS (H*). K E C([O, 00); [0, co)) is not identically zero on [O,T] and the following 
inequality holds: 00 
-x2p + 
s 
eX8K(s) ds > 0, for all X > 0. 
0 
(1;) 
Then, the integro-differential inequality 
(-1)2P+1y(2P)(t) + It K(t - s)y”(s) ds 5 0, on [O,m), 
0 
((-1)2p+1g(2p)(t) + l'K(t - s) exp(y(s)) ds 5 0, on 10, 00) 
> 
(E;) 
has no solution which is positive (bounded and positive) on [0,03). 
Finally, from Theorem 2.4 and the fact that the function y(t) = eWxt satisfies 
(-~)~~+ly(~~)(t) + J’K(t - s)y(s) ds = (-1)2p+‘y(2p)(t) + I” K(s)y(t - s) ds 
0 
=e -At 
[ 
_(_1)2"+1X2' + 
s 
teXgK(s),-Js 
0 1 5 epxt eXSK(s) ds 1 , 
the following existence result follows immediately. 
COROLLARY 2.6. Assume that Hypothesis (H*) holds. Then, for p = 0 (p 2 l), the integrcF 
differential inequality 
C-1) 2p+1y(21')(t) + /dt K(t - s)y(s) ds 5 0, on [O,m) (E;‘) 
has positive (bounded and positive) solutions on [0, oo), if and only if, the inequality 
-ASP + 
Jrn 
e’“K(s) ds 5 0, for some X > 0 
0 
(I;*) 
holds. 
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